We consider spin angular momentum density in inhomogeneous acoustic fields: evanescent waves and surface waves at interfaces with negative-density metamaterials. Despite being purely longitudinal (curl-free), acoustic waves possess intrinsic vector properties described by the velocity field. Motivated by the recent description and observation of the spin properties in elastic and acoustic waves, we compare these properties with their well-known electromagnetic counterparts. Surprisingly, both the transverse spin of evanescent waves and the parameters of surface waves are very similar in electromagnetism and acoustics. We also briefly analyze the important role of dispersion in the description of the energy and spin densities in acoustic metamaterials.
Introduction
It is well known that circularly-polarized electromagnetic waves carry intrinsic angular momentum (AM) corresponding to the spin-1 of photons in the quantum description [1] [2] [3] [4] . For plane waves or paraxial beams, this spin AM is longitudinal, i.e., directed along the wavevector. In the past several years, it was shown that an unusual transverse spin AM density can appear in inhomogeneous optical fields, such as evanescent waves or non-paraxial interference fields [5] [6] [7] [8] [9] [10] (for reviews, see [4, 11] ). This local transverse spin can arise even for transverse-electric (TE) or transverse-magnetic (TM) waves, usually considered as linearly-polarized, due to the presence of a non-zero longitudinal field component, which generates an effectively-elliptical polarization in the propagation plane. The transverse optical spin has found interesting applications in highly efficient spin-direction coupling and routing [12] [13] [14] [15] [16] [17] , important for spinbased optical and quantum networks (see [18] for a review).
Recently, it was shown that nontrivial spin AM density also naturally appears for waves in elastic media [19] . Importantly, both transversal (i.e., divergence-free, similar to electromagnetic) and longitudinal (i.e., curl-free, acoustic) modes equally contribute to the local spin AM density and can generate transverse spin in inhomogeneous elastic waves. This is in contrast to the popular belief that longitudinal phonons are spin-0 particles, which cannot have any nontrivial vector properties. Moreover, an experimental observation of the transverse spin AM density in purely longitudinal inhomogeneous acoustic waves was reported very recently [20] .
In this work, motivated by the studies [19, 20] , we analyze the equations for longitudinal acoustic waves and show that the spin AM density and transverse spin naturally appear there from the circular motion of the medium particles. We argue that despite their longitudinal character, the acoustic waves cannot be considered as scalar waves. These are still vector waves, described by the vector velocity and scalar pressure fields. Moreover, we show that the acoustic wave equations exhibit close similarity with the Maxwell equations in isotropic optical media. As examples, we consider evanescent acoustic waves, carrying transverse spin AM, and surface acoustic modes [21, 22] at interfaces with acoustic metamaterials (negative-parameter media) [23] [24] [25] . Most of their features demonstrate an exact analogy with TM surface modes [26, 27] (such as surface plasmon-polaritons [28] ) in Maxwell electromagnetism. Finally, using an analogy with electromagnetic waves in dispersive media [29] [30] [31] , we analyze the important role of the dispersion in determining the energy and spin densities in acoustic metamaterials.
Transverse spin in evanescent acoustic waves
We start with the equations for monochromatic acoustic waves of frequency ω in a dense medium:
Here the variables are: the complex velocity v r ( ) and the pressure P r ( ) fields, while the realvalued medium parameters are: the mass density ρ and the compressibility β = 1/ B ( B is the bulk modulus). Equations (1) support only longitudinal (i.e., curl-free) waves, which follows from the second Eq. (1): ∇ × v = 0 . Importantly, these are not scalar waves. Indeed, the velocity v determines vector properties of acoustic waves, even though these are longitudinal. For plane waves with the wavevector k , ∇ → ik , the dispersion relation and the "longitudinality" condition follow from Eqs. (1): Evanescent waves can be presented as plane waves with a complex wavevector k = Rek + i Im k [4, 6, 16] . Considering an evanescent wave propagating along the z -axis and decaying in the x -direction, k = k z z + iκ x (the overbar indicates unit vectors), the dispersion relation (2) becomes ω
, while the longitudinality condition yields
Thus, the velocity field has two components with the π / 2 phase difference, exactly as in electromagnetic evanescent waves [4, 6, 16, 18] . The only difference is that the "main" component of the transversal (i.e., divergence-free, ∇ ⋅E = ik ⋅E = 0 ) electric field of a TM-polarized evanescent electromagnetic wave is E x and As it is known for electromagnetic waves [4] [5] [6] [7] [8] [9] [10] [11] 18] , and was very recently shown for elastic and acoustic waves [19, 20] , the orthogonal imaginary component in the vector field produces rotation of this vector field, i.e., elliptical polarization and spin AM in the wave, Fig. 1 . Entirely similar to the TE or TM electromagnetic waves, this spin is transverse in evanescent acoustic waves, i.e., directed along the y -axis orthogonal to the propagation x, z ( ) -plane determined by the k -vector.
The general expression for the time-averaged spin AM density S can be written by noticing that the medium particles with mass density ρ experience complex displacements a , v = −iω a :
Notably, the entirely similar contribution of oscillating electrons in optical media provides the material contribution to the electromagnetic spin AM [31] . For the normalization of the spin (4), we introduce the time-averaged energy density of acoustic waves, which follows from the acoustic analogue of the Poynting theorem for Eqs. (1):
Substituting Eqs. (1), (3), and the dispersion relation for the evanescent wave considered above into Eqs. (4) and (5), we find that the normalized spin AM density in the acoustic evanescent wave is
This expression is entirely analogous to the transverse spin density in electromagnetic evanescent waves in vacuum [4, 6, 18] up to a factor of 2 . This difference originates from the fact that in electromagnetism both the spin AM and energy are equally distributed between the electric and magnetic ( E and H ) vector degrees of freedom [4, 6, 30, 31] . In contrast, acoustic waves are described by one vector ( v ) and one scalar ( P ) fields. Therefore, while energy is equally distributed between these fields, Eq. (5), the spin AM is fully concentrated in the vector velocity field, Eq. (4). This leads to the above difference in the relative coefficients for electromagnetic and acoustic quantities. Since κ < k z , the absolute value of the transverse spin density "per phonon" (assuming the energy density W = !ω per phonon) is restricted by the value of 2! . It is important to emphasize that although the acoustic spin AM (4) originates from the mechanical circular motion of microscopic particles of the acoustic medium, it is a purely intrinsic and local property of the macroscopic wave field. Indeed, the rotation of the vector velocity field v occurs at a given point r and does not involve its neighborhood. This is entirely similar to the local rotation of the electric field E in an elliptically polarized electromagnetic wave and is in contrast to the previously-considered acoustic orbital AM related to acoustic vortices [32] [33] [34] . In the vortex case, the orbital AM originates from the azimuthal phase gradients of the scalar wave field in the vicinity of the vortex core.
Surface waves at interfaces with acoustic metamaterials
We now consider an important example of acoustic modes involving evanescent waves. These are surface waves that appear at interfaces between two media [21, 22] . Akin to electromagnetic surface waves (e.g., surface plasmon-polaritons), which exist at interfaces between media with positive and negative parameters [26] [27] [28] , acoustic surface modes appear at interfaces between media with positive and negative densities ρ [21, 22] . However, while natural optical media can have negative parameters (e.g., negative permittivity in metals), negative acoustic parameters are present only in metamaterials, which consist of many microscopic (subwavelength) acoustic resonators [23] [24] [25] . The presence of these resonators yields strong dispersion of the effective medium parameters, ρ ω ( ) and β ω ( ) , and can produce negative values at certain frequencies. In this section, we do not consider these dispersion and metamaterial aspects, and only assume that the medium parameters can take on any real values (losses are neglected) at the given frequency ω . (7) and (8), with real frequency ω and propagation constant k z in the parameter plane ρ r ,β r ( ) . Two cases ρ 1 β 1 > 0 (transparent medium 1) and ρ 1 β 1 < 0 (non-transparent medium 1) are shown in blue and yellow, respectively. This phase diagram exactly coincides with the diagram for TM-polarized surface electromagnetic waves depending on the ε,µ ( ) parameters [26, 27] .
The geometry of the problem in shown in Fig. 2(a) . The surface mode at the x = 0 interface consist of two evanescent waves with the same propagation constant k z and oppositesign decay constants κ 1 > 0 and κ 2 < 0 . Solving Eqs. (1) supplied with the boundary conditions (the continuity of P and v x ) yields the condition of the surface-wave existence [21] :
Thus, surface acoustic waves can exist only at interfaces between positive-and negative-density media. Supplying Eq. (7) with the dispersion relations for the evanescent waves in the two
( ) , we find the dispersion characteristics of the surface mode:
where ρ r = ρ 2 / ρ 1 and β r = β 2 / β 1 are the relative parameters of the two media.
Remarkably, Eqs. (7) and (8) are precisely equivalent to the equations for the TMpolarized electromagnetic surface waves (including surface plasmon-polaritons at metaldielectric interfaces) with the substitution ρ,β ( ) ↔ ε,µ ( ) ( ε and µ being the permittivity and permeability of the optical media) [26, 27] . The zones of the existence of surface modes with real ω and k z , given by Eqs. (8) , in the ρ r ,β r ( ) parameter plane are depicted in Fig. 2(b) . This phase diagram exactly coincides with its TM-electromagnetic counterpart, showing two mutually-complementary zones for the cases ρ 1 β 1 > 0 (transparent first medium) and ρ 1 β 1 < 0 (non-transparent first medium) [26, 27] .
We are now at a position to calculate the transverse spin (4) and (6) for the acoustic surface wave. The spin and energy densities (4) and (5) in the evanescent waves in the two media are given by
where we used k z P = ρω v z from the second Eq. (1). Since the pressure is continuous across the interface, one can write
where A is a constant amplitude. From here and Eqs. (9), we calculate the ratio of integral values of the spin and energy in the surface wave:
where ... ≡ ...
−∞ ∞
∫ dx , and we used Eqs. (7) and (8) to obtain the final expression (10).
Note that since both κ and ρ have opposite signs in the two media, the spin density S y has the same sign in the two media, while the energy density W has opposite signs, Eqs. (9) . As a result, the integral energy W and the normalized integral spin (10) can take on arbitrary real values. The negative energy density appears here because we did not take into account the dispersion (similar to the negative electric energy density ε E 2 in a hypothetic nondispersive optical medium with ε < 0 ).
Modifications by dispersion
As we mentioned, the negative density ρ can appear only in highly dispersive acoustic metamaterials with frequency-dependent parameters ρ ω ( ) and β ω ( ) . Furthermore, as it is known from electrodynamics, the general expressions for the energy and spin densities considerably change their forms in the presence of dispersion. Namely, as it was shown by Brillouin for the energy density [29] and recently for the spin AM density and other dynamical characteristics [30, 31, 35] , the dispersion requires substituting the coefficients ε,µ
in all bi-linear forms for electromagnetic waves.
Importantly, the modified quantities ! ε, ! µ ( ) are always positive, and this guarantees that the bilinear energy form is positive definite. The acoustic energy density in a dispersive medium can be derived similarly to the Brillouin electromagnetic energy density [29] . Namely, we introduce auxiliary fields M (momentum density) and N , which are related to the velocity and pressure fields in the frequency domain as
In the time domain, these fields determine the acoustic analogue of the Poynting theorem [following from the time-domain versions of Eqs. (1)]:
Repeating the electromagnetic textbook considerations [29] for these quantities, we find the time-averaged acoustic energy density for monochromatic fields in a dispersive medium:
Because of the very close analogy between the electromagnetic and acoustic problems, it is natural to assume that the acoustic spin AM density is also modified similarly to the electromagnetic one in the presence of dispersion [30, 31, 35] :
The dispersive corrections can considerably modify the quantities under consideration. For example, consider the resonant Lorentz-type dispersion of the density [21] :
) , where ρ 0 > 0 is a constant, and ω 0 is the resonant frequency of microresonators in the metamaterial. The density becomes negative above the resonant frequency: ρ ω ( ) < 0 for ω > ω 0 . However, the modified density parameter is always positive:
2 > 0 , which ensures that the energy density (13) is positive definite. The local ratio of the spin and energy densities in an evanescent wave, Eq. (6), is also modified by the presence of the dispersion. Using the definitions (13) and (14), we find:
The normalized integral value of the spin AM of a surface wave, Eq. (10), can also be calculated straightforwardly with the dispersion-modified definitions (13) and (14). We do not provide here the cumbersome resulting equations and only note that the dispersive analogue of the energy density (9) now becomes positive in both media, while the spin density has opposite signs in the two media (because ! ρ is always positive, while κ has opposite signs in the two media).
Conclusions
We have considered the spin AM density in longitudinal (curl-free) acoustic waves. The spin AM is produced by the local elliptical motion of the particles of the medium, which is described by the velocity field v . Akin to the transversality condition ( ∇ ⋅E = 0 ) for electromagnetic waves, the "longitudinality" condition for acoustic waves ( ∇ × v = 0 ) generates the elliptical motion and transverse spin AM in inhomogeneous acoustic fields. As it is known for electromagnetic waves [4] [5] [6] [7] [8] [9] [10] [11] 18, 36] and was very recently shown for elastic and acoustic waves [19, 20] , this phenomenon is generic for any inhomogeneous fields, including interference fields, tightly focused beams, etc.
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Transverse spin density in an evanescent wave Table I . Comparison of electromagnetic and acoustic quantities and properties.
We have considered evanescent acoustic waves and surface waves at interfaces between positive-and negative-density materials. In both cases, the acoustic equations exhibit very close similarity with Maxwell equations. Surprisingly, the transversal spin-1 and longitudinal spin-0 nature of photons and phonons, respectively, does not lead to any crucial difference between these two problems. The main difference between acoustic and Maxwell problems is that the electromagnetic waves are described by two vector degrees of freedom (electric and magnetic fields), which both equally contribute to all electromagnetic properties, while acoustic waves are characterized by one vector (velocity) and one scalar (pressure) fields, with only one of these producing spin AM. The comparison of electromagnetic and acoustic quantities and properties considered in this work is summarized in Table I .
Two important conclusions can be drawn from this comparison. First, the transverse-spin properties of inhomogeneous vector fields are independent from the usual spin of the corresponding quantum particles (e.g., spin-1 of photons and spin-0 of phonons). In fact, the usual-spin properties of photons correspond to plane waves and the polarization in the plane orthogonal to the wavevector (helicity), while the transverse spin is independent of this polarization and appears even for "linearly-polarized" TE and TM waves due to the longitudinal field component, Fig. 1 . Second, acoustic waves have intrinsic vector properties, which cannot be described within the scalar wave equation. Indeed, it is known that the second-order scalar wave equation for the pressure field P follows from the set (1) of two first-order equations. However, the scalar wave equation contains only a single combined parameter ρβ ( ) (characterizing the sound-wave velocity), while, for example, the parameters and phase diagrams of surface acoustic waves depend on two parameters ρ and β separately, as seen from Fig. 2(b) and Eqs. (7) and (8) . Therefore, the system of Eqs. (1), involving the vector velocity field v , is essentially required for such problems.
Finally, similar to Maxwell electromagnetism, surface waves and negative-parameter media (acoustic metamaterials) are always accompanied by considerable dispersion. This can significantly modify definitions of the energy and spin densities in such media. Employing the analogy with electrodynamics, we have put forward the dispersion-modified forms of the energy and spin densities in acoustic metamaterials. A more rigorous derivation of these quantities requires a microscopic theory taking into account the internal degrees of freedom of microresonators, which constitute the metamaterial. This is an important problem for future study.
